Balanced Allocation on Graphs

Krishnaram Kenthapadi^∗ Rina Panigrahy^†

Abstract

It is well known that if n balls are inserted into n bins, with high probability, the bin with maximum load contains (1 + o(1)) log n/ log log n balls. Azar, Broder, Karlin, and Upfal [1] showed that instead of choosing one bin, if d ≥ 2 bins are chosen at random and the ball inserted into the least loaded of the d bins, the maximum load reduces drastically to log log n/ log d + O(1). In this paper, we study the two choice balls and bins process when balls are not allowed to choose any two random bins, but only bins that are connected by an edge in an underlying graph. We show that for n balls and n bins, if the graph is almost regular with degree n^ϵ, where ϵ is not too small, the previous bounds on the maximum load continue to hold. Precisely, the maximum load is log log n + O(1/ϵ) + O(1). So even if the graph has degree n^{Ω(1/ log log n)}, the maximum load is O(log log n). For general Δ-regular graphs, we show that the maximum load is log log n+O(^{log n}_{log(Δ/ log4 n)} )+O(1) and also provide an almost matching lower bound of log log n +^{log n}_{log(Δ log n)} . Further this does not hold for non-regular graphs even if the minimum degree is high.

Vöcking [29] showed that the maximum bin size with d choice load balancing can be further improved to O(log log n/d) by breaking ties to the left. This requires d random bin choices. We show that such bounds can be achieved by making only two random accesses and querying d/2 contiguous bins in each access. By grouping a sequence of n bins into 2n/d groups, each of d/2 consecutive bins, if each ball chooses two groups at random and inserts the new ball into the least-loaded bin in the lesser loaded group, then the maximum load is O(log log n/d) with high probability. Furthermore, it also turns out that this partitioning into aligned groups of size d/2 is also essential in achieving this bound, that is, instead of choosing two aligned groups, if we simply choose but possibly unaligned random sets of d/2 consecutive bins, then the maximum load jumps to Ω(log log n/ log d) even if the two sets are always chosen to be disjoint.

1 Introduction

The analysis of balls and bins has several interesting applications including hashing and online load balancing. It is well known that if n balls are randomly thrown into n bins, with high probability, the bin with maximum load contains (1 + o(1))^{log n}_{log log n} balls [19]. Azar, Broder, Karlin, and Upfal [1] showed that instead of choosing one bin, if d ≥ 2 bins are chosen at random, the maximum load reduces drastically to^{log log n}_{log d} + O(1). Vöcking [29] showed that asymmetry helps in load balancing; when bins have equal size, if ties are broken to the left, then the maximum bin size drops to^{log log n}_{d ln ϕd} + O(1) where ϕ_d is a constant > 1 that approaches ln 2 for large d. He also showed that the above bound is tight, that is, the maximum load is at least^{log log n}_{d ln ϕd} − O(1) even if the d bins are chosen from an arbitrary fixed distribution, and irrespective of the policy used to decide the bin out of the d choices for a given ball. Berenbrink et al. [3] extended these results to the case when the number of balls m is greater than the number of bins n

∗Department of Computer Science, Stanford University, Stanford, CA 94305. Supported in part by NSF Grants EIA- 0137761 and ITR-0331640, and a grant from SNRC. kngk@cs.stanford.edu.

†Department of Computer Science, Stanford University, Stanford, CA 94305. Supported in part by Stanford Graduate Fellowship, NSF Grants EIA-0137761 and ITR-0331640, and a grant from SNRC. rinap@cs.stanford.edu.

showing that the maximum height is at most^{log log n}_{ln d} + O(1) above the average when d bins are chosen at random and similar results when ties are broken asymmetrically. The maximum load can also be reduced by moving previously inserted balls into their alternate bin choice(s) when a new ball is inserted [24, 18]; with two choice load balancing, by performing at most h moves per insert, we can maintain a maximum load of O(^{log log n}

h log(log log n/h) ) for n balls and n bins [25]. Further there has been a lot of work on parallel

balls and bins where balls are thrown parallelly into bins in rounds [2, 7, 13].

A natural extension of the earlier work is to consider a graph-based model where balls are not allowed to choose any two random bins but only bins that are connected by an edge in a given underlying graph. While the earlier studies use a complete underlying graph, an understanding of balls and bins processes over arbitrary graphs is not only theoretically interesting but also meaningful in pratical scenarios. For example, if bins are arranged in a line, what if balls are only allowed to choose two random bins that are close-by, say at most distance Δ apart – here the underlying graph has edges only when the bins are at most distance Δ apart. How small can Δ be so that the earlier results continue to hold? This is useful from a practical point of view because the cost of accessing the two bins may depend on the distance between them. For example, if the bins represent hash buckets of a hash table stored on disk, then after having accessed the first bucket, the time required to access the second bucket depends on how far the head has to move from the first to the second bucket, as the access time is dominated by the seek time. Or, it may be easier to read memory in large bursts and accomplish the read of the two buckets that are at most Δ apart in one random access. Similarly when d random bins are explored, it may be beneficial to group the accesses into as few bursts as possible.

Another example could be the load-balancing of requests in a network setting. To apply the two-choice heuristic, a client may make a request to a server. The server may then query another random server and the client may be serviced by the least-loaded of the two servers. However it may be inefficient for the server to query any other server; perhaps it only knows about a few servers, or it is close to only a few servers, or only a few other servers may be able to service the client’s request. So instead it may be connected to Δ neighboring servers and could only query one of these at random. This amounts to the following question: If each ball picks a random bin and that bin again selects a random “neighboring” bin and the ball is inserted into the least-loaded of the two bins, then what is the maximum load? This is equivalent to picking a random edge in the graph for each ball. For what graphs, do the results for two choices continue to hold? First we show a lower bound of Ω(log log n +^{log n}_{log(Δ log n)} ) for maximum bin size where Δ is the average degree of the graph; in particular if the average degree is n^ϵ for some constant ϵ, then the lower bound implies a maximum load of Ω(log log n + 1/ϵ). However, if the graph is not regular, we show that the maximum bin size can be much higher; even for graphs with minimum degree n^ϵ, it can be Ω(log n/ log log n). On the other hand, for Δ-regular graphs, the maximum bin size is log log n + O(^{log n}

log(Δ/ log^4 n) ) + O(1), which almost matches the lower bound (Section 2). This means that

the earlier bound on the maximum load with two choice load balancing (on a complete graph) continues to hold on almost regular graphs with degree as low as n^ϵ for any constant ϵ – the maximum load is log log n + O(1/ϵ) + O(1). So even if the graph has degree only n^{Ω(1/ log log n)}, the maximum load is still O(log log n). We also show that when the number of balls m is more than the number of bins n, the earlier results by Berenbrink et al. [3] do not carry over; even for graphs of degree n^ϵ where ϵ is constant, the maximum load can be m/n + ω(log log n). We achieve similar results when moves are allowed (Section 3).

Further, Vöcking’s observation that the maximum load of O(^{log log n}_d ) can be achieved by breaking ties asymmetrically requires d random bin choices. Is it possible to achieve similar bounds when the d choices may not be random, but preferably close together or in a few groups where bins within a group are close-by? Such an access pattern may be more efficient especially when bins represent memory locations in a hash table. We show that such bounds can be achieved by making two random accesses and querying d/2 contiguous bins in each access, even if ties are not broken asymmetrically. By partitioning a sequence of n bins into 2n/d groups, each of d/2 consecutive bins, if each ball chooses two groups at random and inserts the new ball into the least-loaded bin in the lesser loaded group, then the maximum load is 2 log log n/d + O(1) with high probability (Section 4). This is surprising as it shows that querying d bins in two groups of size d/2 outperforms querying d random bins! Furthermore, it also turns out that this partitioning into aligned groups of size d/2 is also essential in achieving this bound. Instead of choosing two aligned groups, if we simply choose two disjoint but possibly unaligned random sets of d/2 consecutive bins – which only seems like a simple, natural variation – then the maximum load jumps to

log log n

log d ! Similarly we also show that it is important to insert into the lesser loaded group. In fact, we can

get arbitrarily close to Vöcking’s bound of^{log log n}_{d ln ϕd} + O(1) by using c random groups of size d/c each and breaking ties asymmetrically. Moreover, our result implies that we can achieve constant load by making two burst accesses of log log n bins each, provided these accesses are made from a set of disjoint groups; otherwise the maximum bin size becomes^{log log n}_{log log log n} .

2 Two choice Load Balancing on Δ-regular Graphs

One method to obtain bounds on maximum load with two choice load balancing is to use the layered induction technique [1] that recursively bounds the fraction of bins, p_i with load i. For a new ball to fall at a height of i + 1 (that is, into a bin with at least i balls), both of its bin choices must have at least i balls, which happens with probability at most p^2_i . This essentially implies that p_{i+1} ≈ p^2_i , implying a quadratic drop with height, giving a maximum load of log log n with high probability. This technique fails on arbitrary graphs, because the probability that both the bin choices for a subsequent ball insert have load at least i is no longer p^2_i as the two bins are not chosen independently and randomly. Alternatively the witness tree method tracks the occurrence of a bin with a high load using a suitable tree of events and shows that such a tree is unlikely to occur. This type of analysis was introduced in the context of PRAM simulations [7, 22] and later adapted for balls and bins [6, 5, 29]. Using this method, we analyze the maximum load when the underlying graph is Δ-regular.

First we prove a lower bound on the maximum load for a Δ-regular graph.

Theorem 2.1 Given a Δ-regular graph with n nodes representing n bins, if n balls are thrown into the bins by choosing a random edge and placing into the smaller of the two bins connected by the edge, then the maximum load is at least Ω(log log n +^{log n}_{log(Δ log n)} ) with high probability of 1 − 1/n^{Ω(1)}.

Proof: The Ω(log log n) term in the lower bound follows from Vöcking’s lower bound [29] for placement of n balls into n bins if each ball picks two bins at random using any arbitrary but fixed distribution. The second term follows by analyzing the ratio of the number of balls to the number of edges: since there are n balls and nΔ/2 edges, with high probability, some edge will get^{log n}_{log(Δ log n/2)} balls (this is like throwing n balls into nΔ/2 bins). Hence at least one of the endpoints of this edge will get^{log n}_{2 log(Δ log n/2)} balls. □

This implies that if the bins are arranged in a line and if each ball chooses two bins that are at most distance Δ apart, the maximum load is at least Ω(log log n +^{log n}_{log(Δ log n)} ).^1 In particular, when Δ is polylog(n) the maximum bin load is Ω(^{log n}_{log log n)} ). If Δ = n^ϵ for some constant ϵ, then the lower bound implies a maximum load of Ω(log log n + 1/ϵ).

The following theorem gives an almost matching upper bound on the maximum load for Δ-regular graphs.

1While the lower bound applies to the algorithm that always picks two random bin choices at most distance Δ apart when bins are arranged in a line, it is easy to generalize to any algorithm that chooses two bins for every ball that are distance Δ apart in expectation.

Theorem 2.2 Given a Δ-regular graph with n nodes representing n bins, if n balls are thrown into the bins by choosing a random edge and placing into the smaller of the two bins connected by the edge, then the maximum load is log log n + O(^{log n}_{log(Δ/ log4 n)} ) + O(1) with high probability of 1 − 1/n^{Ω(1)}.

This holds even if the graph is almost regular, that is, each node has degree, Θ(Δ).

Corollary 2.1 Given a n^ϵ-regular graph with n nodes representing n bins, if n balls are thrown into the bins by choosing a random edge and placing into the smaller of the two bins connected by the edge, then for any ϵ > 8 log log n/ log n, the maximum load is log log n + O(1/ϵ) + O(1) with high probability of 1 − 1/n^{Ω(1)}.

The basic idea behind the witness tree method is to start with a ball at a large height and to construct a shallow tree with about log n nodes and depth about log log n where nodes are the bins and an edge represents the two bin choices of a ball and argue that such a tree is unlikely to exist. While the construction as described may not necessarily produce a tree, we show later that the graph obtained has only a few extra edges in addition to a tree structure.

Construction of the witness graph: The root of the witness graph is the node with load l+c where c is a constant. For each of the top l balls in this node, there must be an alternate bin choice. These alternate bin choices are set to be the children of the root node. The edges are labeled by the corresponding balls. Similarly we recurse for each of the l children. For a parent node with load x, the i^{th} ball from the top at height x − i + 1 must have had an alternate bin choice with load at least x − i; this is the i^{th} child of the parent node. The i^{th} child, which has load at least l −i+c, will be expanded down further to l −i children corresponding to the alternate bin choices for its top l − i balls. We continue this recursion as long as a node has load greater than c and stop when it equals c which corresponds to the leaf nodes. We also label each node (bin) with the set of lowest c balls. These balls are distinct from the balls corresponding to the edges incident on this node. Clearly, this witness graph must be a subgraph of the original underlying graph on the bins.

It is possible that during this process, we run into cycles, that is, the child of some node may be an already existing node in the tree. For now, let us assume that this does not happen and the graph constructed is truly a tree. We will later argue that there cannot be too many cycle producing edges. Intuitively this is true because we are unlikely to run into cycles when a small number of log n nodes are explored as edges are chosen randomly.

Assuming that no cycles are found, after this process, we have a tree where each node with load i + c has i children with loads i − 1 + c, i − 2 + c, . . . , c respectively. Each edge corresponds to a distinct ball and each node is associated with c additional distinct balls. Each edge indicates a distinct ball whose bin choices are exactly the end points of the edge. It is easy to check inductively that the total number of nodes in this tree is exactly 2^l (the recurrence relation for the number of nodes is f(l) = f(l − 1) + . . . + f(0) + 1 where f(0) = 1).

We now show that there cannot exist a set of log n nodes connected by a tree where each edge represents a distinct ball and further each node has a constant c number of distinct additional balls.

Lemma 2.1 The probability that there exists a set of Ω(log n) bins connected by a tree where each edge represents a distinct ball and further each node has an additional set of c distinct bins is at most 1/n^{Ω(1)}

Proof: We will bound the probability of existence of such a tree by counting the number of such possible trees and multiplying by the probability that a given tree exists. The total number of different “shapes” (two shapes are the same if they are isomorphic) for a rooted tree on m nodes is at most 4^m [20].

Choosing bins and balls for nodes and edges: For a given shape, the root can be chosen in n ways. Once a node has been chosen, a given child can be chosen in Δ ways. Hence the total number of ways of choosing all the nodes is at most nΔ^{m−1}. For each of the m − 1 edges, the ball can be chosen in at most n ways and the probability that it falls in this edge out of the total of nΔ/2 choices is 2/nΔ. So, for a given shape, the total probability multiplied by the number of ways of choosing nodes and edges in the tree is at most nΔ^{m−1}n^{m−1}(2/nΔ)^{m−1} = n2^{m−1}.

Choosing additional c balls per node: In addition, for a given set of m nodes, we need c distinct balls to be associated with each node. This means that there are a total of cm balls that are associated with nodes in the tree, that is, each of these balls is chooses some node in the tree. These cm balls can be chosen in

(_n cm ) ways. Since each node has Δ edges incident on it, the m nodes of the tree have a total of mΔ edges and each of these cm balls must choose one of these edges. This probability is at most (_n cm ) (^{mΔ}_{nΔ} )^{cm} ≤ (e/c)^{cm}.

Putting it all together, the total probability of finding such a tree is at most 4^mn2^{m−1}(e/c)^{cm} ≤ n[8(e/c)^c]^m. The idea is to choose c to be a large enough constant so that this probability is 1/n^{Ω(1)}; this can be achieved by setting m to Ω(log n). □

Remark 2.1 While the witness tree arguments in prior work [21, 29] do not look at all possible shapes of trees on m nodes, we use this approach as it extends easily to the witness tree analysis in the case when balls moves are allowed (Section 3).

Since a witness tree with root of load l + c has 2^l nodes, for l = log log n + Ω(1) the number of nodes becomes Ω(log n); by Lemma 2.1, this is unlikely with high probability. So far we have assumed that the witness graph is a tree, ignoring the possibility of having cycles. We will show that the probability of finding many cycle-producing edges is very low. During the construction of the witness graph, an edge that leads to an existing node is called a cycle-producing edge (such edges are called pruning edges in past work [21, 29]). Let p be the number of cycle-producing edges.

The next lemma shows that there cannot exist a witness graph with too many cycle-producing edges.

Lemma 2.2 The probability that there exists a set of O(log^2 n) bins connected by a tree where each edge represents a distinct ball, and there are additional p =^{k log n}_{log(Δ/ log4 n)} edges between these nodes representing distinct bins, and further each node has an additional set of c distinct bins is at most 1/n^{Ω(1)} for sufficiently large constants k and c.

Proof: As in proof of Lemma 2.1, we will bound the probability by counting the number of ways of choosing the balls, bins and edges and multiplying by the probability of each case. Let us consider a tree with m nodes and p additional edges. For a given shape of the tree, the additional p edges can be chosen in at most m^{2p}.

For each of the p additional edges, balls can be chosen in n ways and the probability that the ball chooses the edge is 2/nΔ, giving a total probability of n^p(2/nΔ)^p = (2/Δ)^p.

As in proof of Lemma 2.1, the number of ways of choosing shapes for the tree, bins for the nodes of the tree and balls for the edges and c balls for each node, multiplied by the probability of each case is at most n[8(e/c)^c]^m.

So the total probability of finding a witness graph with m nodes and p cycle-producing edges is at most m^{2p}(2/Δ)^pn[8(e/c)^c]^m = (2m^2/Δ)^pn[2(e/c)^c]^m.

If p = Ω(^{log n}

log(Δ/ log^4 n) ), then this probability is 1/n

Ω(1). □

We are now ready to prove the main theorem.

Proof of Theorem 2.2: To take into account the possibility of cycle-producing edges, instead of starting with a node of load l + c, we start with a node of load l + c + p where p = k^{log n}_{log(Δ/ log4 n)} . At the first level, we expand to p children corresponding to the top p balls. The i^{th} child of the root will have l + p − i + c. For this child, we treat c^′ = p − i + c and expand as before till every leaf has load exactly c^′, giving exactly 2^l nodes in this subtree (where nodes may be repeated). The total number of nodes, M = 2^lp + 1 = p log n + 1 ≤ k log^2 n + 1 for l = log log n. The probability that there are more than p cycle-producing edges is at most 1/n^{k−1}. If there are less than p cycle-producing edges, then during the construction of the witness graph, for at least one of the p children, the construction below it is free of cycle-producing edges. This gives a witness tree where the root node has load at least l + c. By Lemma 2.1, the probability of this occurrence is at most 1/n^{Ω(1)}. So the probability of finding a witness graph whose root node has load log log n + p + c is at most 1/n^{Ω(1)}. □

We also show that this result does not hold for non-regular graphs even if the minimum degree is Δ. The counter-example is a complete bipartite graph with n − Δ nodes on one side and Δ on the other.

Lemma 2.3 There exist graphs with minimum degree n^ϵ for any constant ϵ < 1 such that after insertion of n balls by the same process as above, the maximum load of a bin is Ω(^{log n}_{log log n} ) with high probability of 1 − 1/n^{Ω(1)}.

Proof: Consider the complete bipartite graph with n − Δ nodes on one side (left) and Δ on the other (right). We break the n inserts into log n phases of n/ log n inserts each. The essential idea is to show that for most of the early phases, after i phases, each of the Δ nodes on the right side has load at least i and at least 1/(4 log n)^i fraction of the left side vertices has load i as long as n/(4 log n)^{i+1} > Δ log n. We prove this inductively. Assuming it is true at the end of the i^{th} phase, in the first n/(2 log n) inserts in the (i + 1)^{st} phase, at least n/(4 log n)^{i+1} of them in expectation choose the left vertex to be of load at least i. This by assumption is at least Δ log n and hence, if ties are broken to the right, then with high probability, all the Δ vertices on the right side would have been chosen and hence would have incurred a load of at least i + 1. For the remaining n/(2 log n) inserts of the phase, in expectation, at least n/(4 log n)^{i+1} of the left vertices with load i are chosen and they will all incur achieve a load of at least i + 1. This goes on as long as n/(4 log n)^i > Δ log n which means that the maximum load is at least i =^{log(n/(Δ log n))}

log log n . For Δ = n

ϵ, this is Ω(^{log n}_{log log n} ). All expectation results can be shown to hold with high probability using Chernoff bounds. □

We now show that when the number of balls m is more than the number of bins n, the earlier results by Berenbrink et al. [3] do not carry over; even for graphs of degree n^ϵ where ϵ is constant, the maximum load can be m/n + ω(log log n).

Lemma 2.4 There exist n^ϵ-regular graphs for any constant ϵ < 1 such that after insertion of m balls by picking edges at random, the maximum load of a bin is m/n + ω(log log n) with high probability of 1 − 1/n^{Ω(1)} for sufficiently large m.

Proof: The graph we use is a collection of n^{1−ϵ} cliques of size n^ϵ. Some clique must get m/n^{1−ϵ} + √ m ln n^{1−ϵ}/n^{1−ϵ} balls when m ≥ n ln n as this is like throwing m balls into n^{1−ϵ} bins [27]. Hence some bin in this clique must get m/n + √ m ln n^{1−ϵ}/n^{1+ϵ} balls. The result follows by setting m = Ω(n^{1+ϵ}). □

3 Balls and bins with moves

If moves are allowed during inserts of balls then the maximum load can be reduced further [24, 18]. On a complete graph, by performing at most h moves per insert, we can maintain a maximum load of

O(^{log log n}

h log(log log n/h) ) [25]. In particular by performing up to log log n moves we achieve a constant maximum

load.

To understand how moves help in reducing load we view the balls and bins as nodes and edges of a graph which is a subgraph of the underlying graph; since multiple balls may choose the same pair of bins it is actually a multigraph. By making this graph directed, we could use the direction of an edge to indicate the choice of the bin among the two for placing the ball. The direction of each edge is chosen online by a certain procedure. The load of a vertex (bin) is equal to its in-degree. For each edge insertion, the two-choice algorithm directs the edge towards the vertex with the lower in-degree. During the ball insertion process, say U is one of the vertices (bins) a ball chooses. Observe that if V U is a directed edge, and if the load on V is significantly lower, we could perform a move from U to V , thus freeing up a position in U. Essentially, in terms of load, the new ball could be added to either U or V , whichever has a lower load. This principle could be generalized to the case where there is a directed path from V to U, and would result in performing moves and flipping the directions along all the edges on the path. If there is a directed sub-tree rooted at U, with all edges leading to the root, we could choose the least loaded vertex in this tree to incur the load of the new ball.

We now extend these bounds on maximum bin size with at most h moves per insert to Δ-regular graphs. We again use the same method as in section 2.2 but using a different witness tree. We use the same witness tree as described in [25] (or see Appendix 5.2). Starting from a node with load 4l + c, we get a witness tree with l^{lh} nodes assuming no cycles are found during the construction. Further each node has a set of additional c balls. So for l = Ω(^{log log n}_{h log(log log n/h)} ) the number of nodes becomes Ω(log n).

Lemmas 2.1 and 2.2 continue to hold as they only refer to random choices of edges for balls which are same as before. So again there cannot be a witness tree with Ω(log n) nodes or a witness graph with more than p = k^{log n}_{log(Δ/ log4 n)} cycle-producing edges. Again as before if we start with a node with load 4l + c + k^{log n}

log(Δ/ log^4 n) then at least one of the children of the root must be such that the witness graph

construction under that node is free of cycle-producing edges, giving the following desired result.

Theorem 3.1 Given a Δ-regular graph with n nodes representing n bins, if n balls are thrown into the bins by choosing a random edge for each ball and performing at most h moves as described above, then the maximum load is O(^{log log n}

h log(log log n/h) + log n log(Δ/ log^4 n) ) with high probability of 1 − 1/n

Ω(1).

4 Choosing bins in groups

Vöcking [29] observed that asymmetry helps in load balancing and showed that if ties are broken to the left when n balls are inserted into n bins with d random choices per ball, the maximum load is

log log n d ln ϕ_d + O(1) where ϕd approaches ln 2 for large d.

2 This is a significant improvement over the^{log log n}_{log d} bound. He also showed that the above bound is tight, that is, even if the d bins are chosen from an arbitrary fixed distribution, the maximum load is at least^{log log n}_{d ln ϕd} − O(1) irrespective of the policy used to decide the bin out of the d choices for a given ball.

We achieve a similar bound without making d random bin choices as in Vöcking’s result. Our algorithm makes two random accesses and chooses d/2 consecutive bins from each access. If the bins represent memory locations in a hash table then two burst accesses may be more efficient than d random accesses. The maximum load of any bin is^{log log n}_{d ln ϕ2} + O(1) =^{1.38 log log n}_d + O(1).

Our algorithm works as follows. Group the n bins into disjoint groups of d/2 consecutive bins each. Call these super-bins. Pick two super-bins at random and select the super-bin with the lesser total load (breaking ties to the left) where the total load of a super-bin is the sum of the loads of its d/2 bins. Then place the ball into the least-loaded of the d/2 bins in the super-bin.

2ϕ_d = lim_{k→∞}^k √ F_d(k) where F_d(k) is a generalization of Fibonacci sequence defined recursively as F_d(k) =

∑_d i=1 F_d(k−i) and F_d(k) = 0 for k ≤ 0 and F_d(1) = 1.

Theorem 4.1 If n balls are inserted into n bins by the above algorithm, the maximum load of any bin is^{log log n}

d ln ϕ_2 + O(1) with high probability. Instead of using two random groups of size d/2, if we use c ≥ 2

groups of size d/c, then the maximum load of any bin is^{log log n}_{d ln ϕc} + O(1).

Note that this approaches Vöcking’s bound as c becomes large. Moreover, our result implies that we can achieve constant load by making two burst accesses of log log n bins each.

Furthermore, it also turns out that this grouping into groups of size d/2 is essential in achieving this bound. It would seem that the bound of Theorem 4.1 would continue to hold even if all bins are not grouped into super-bins of size d, but instead the algorithm picks two random bins at least d apart and d consecutive bins starting from each of the chosen bins. Surprisingly this turns out to be false, i.e., the distribution becomes much worse if instead of choosing from well-aligned groups, the algorithm is allowed to choose two random disjoint sets of d consecutive bins. For d = log log n, instead of getting a constant load, we get a maximum load of^{log log n}_{log log log n} .

Theorem 4.2 Instead of grouping the n bins into aligned groups of size d/2, if we pick two disjoint random sets of d/2 consecutive bins, then the maximum load is (1 − o(1))(^{log log n}_{log d} ) with high probability at least 1 − o(1). As before, the algorithm picks the set with the smaller total load and places the ball into the least loaded bin in the selected set. A random set of d/2 consecutive bins may be chosen by first choosing a random bin and picking the d/2 bins to its right.

Similarly it turns out that it is also important to choose the lesser loaded of the two chosen super-bins, that is, even with aligned bins, if the algorithm inserts into the least loaded bin in the two super-bins without considering the total load of the super-bins, then the maximum load of a bin becomes higher.

Theorem 4.3 If we place the ball into the least-loaded of the d bins (that is, both the super-bins put together) in the above scheme without looking at the total loads of the each of the super-bins, then the maximum load of any bin is (1 − o(1))(^{log log n}_{log d} ) with high probability at least 1 − o(1).

We now prove Theorem 4.1 by analyzing super-bin loads using two-choice load-balancing results.

Proof of Theorem 4.1: Since each insert into a super-bin always goes into the least-loaded bin, the loads of any two bins in a super-bin differ by at most 1. Hence it is sufficient to analyze the maximum load of a super-bin. This is equivalent to throwing n balls into 2n/d bins by choosing two bins at random, breaking ties to the left. Berenbrink et al. [3] extended Vöcking’s result when the number of balls m^′ is greater than the number of bins n^′ showing that the maximum bin size is at most^{m′}_{n′} +^{log log n′}_{d ln ϕd} + O(1). Hence the maximum load of a super-bin is^d_2 +^{log log(2n/d)}_{2 ln ϕ2} + O(1). Thus the maximum load of any bin is at most 2 +^{log log n+O(1)}

d ln ϕ_2 . Similarly if the super-bins are of size d/c, the maximum load of any bin is at

most^{log log n}

d ln ϕ_c + O(1). □

We now prove Theorem 4.2. The intuition behind why the load increases when the groups are not aligned is the following: Let us artificially group the bins into aligned super-bins of size d although this is not what the algorithm does. Let us estimate the fraction of bins with load at least i + 1, p_{i+1} recursively. Earlier for a super-bin I to grow from i to i + 1, the second super-bin that was chosen must have at least i balls. This is no more true if super-bins need not be aligned. Consider two adjacent aligned super-bins I and J with loads i and j = ⌊i/d⌋d respectively. If j = kd, all bins in I have load either k or k + 1 and all bins in J have load k (see Figure 1). If i is not a multiple of d, then it is possible that the bin b_I in I next to J has load k. If the algorithm chooses the set I^′ of d consecutive bins with the last bin b_I in I and the adjacent d − 1 bins from J, then note that load of I^′ is j. If the algorithm chooses to insert

J I^′ I b_I

Figure 1: Unaligned super-bins: I and J are aligned, I^′ is unaligned.

Figure 2: k-step: all bins in the i^{th} super-bin have load k − i if i ≥ k and 0 otherwise.

into super-bin I^′, it could very well place the new ball in b_I , as all bins in I^′ have equal load. This event happens if the other super-bin chosen had load at least j. The intuition is that since j could be as low as i − d and probabilities drop quickly, the probability that the d bins next to I have load k each and that I^′ is one of the super-bins chosen by the algorithm and the other super-bin chosen has load at least j is much larger than p^2_i . Essentially the second super-bin need not have load i; it could have load j that could be as small as i − d + 1. Informally speaking, the probability that the super-bin J has load j is p_j ; the probability that the second super-bin chosen has load at least j is also roughly p_j; probability that the super-bin I has load i is p_i. So the probability that the load of I increases by one in a step could be about p_ip_jp_j , which is much lower than p^2_i , as j can be as small as i − d. While this reasoning is not formal, to convert this into an inductive proof, we will need the neighboring super-bin of J to have load j − d and its neighboring super-bin to have load j − 2d and so on.

For ease of exposition, we will use groups of size d instead of d/2. With a total of n bins, we have n/d super-bins. Let us group super-bins into n/td blocks of t consecutive super-bins each. (We will later set t to be about 4d log n.)

Definition 1 A block of super-bins is a k-step if the first super-bin has all bins with load k, the next has all bins with load k − 1, and so on and the last t − k super-bins have all empty bins. Formally all bins in l^{th} super-bin in the group have load max(0, k − l) (Figure 2).

We will track the number of k-steps in our bin configurations as inserts proceed in rounds of n/t inserts. Let q_r denote the fraction of blocks that are r-steps after r rounds of n/t inserts each. The following lemma provides a lower bound on q_r recursively.

Lemma 4.1 Expected value of q_r ≥ (^1_{10t3 d2} )^{rd} ·

∏_{r−1} i=0 q^d_i · q_{r−1}

Proof: We will bound the fraction of r − 1-steps that become r-steps after a round of n/t inserts, only considering r-steps that are formed from r − 1-steps by exactly a specific sequence of rd insertion steps. Each of the bins in the r^{th} through the first super-bin receive exactly one ball each in that order. Further the bins in the first super-bin receive balls in the left to right order. Precisely, the sequence of inserts is as follows:

1. The r-th super-bin is chosen as one of the two choices for insert and the insert ends up in this super-bin. This happens d times making all bins in this super-bin to have load 1.

2. Similarly d inserts happen in the r − 1-st super-bin in the block causing all its bins to have load 2. Similarly for the r − 2-nd, r − 3-rd and so on till the second super-bin. After this, the block is almost an r-step except that the first super-bin needs to add an item to each of its bins.

3. We will insist that the last super-bin is handled exactly by the following process. Observe that all bins in the first and second super-bin have load r − 1. Let S_m denote the sequence of d bins which are exactly the last d − m bins from the first super-bin and the remaining m from the second.

(a) First S_0 (same as the first super-bin) is chosen for an insert and the new item goes into the first bin in S_0, which clearly is one of the least populated bins, as required for insert. Next, S_1 is selected for an insert and the new item goes into the first bin in S_1. And so on till S_{d−1}. In this way, all the bins in the first super-bin have load r making the block an r-step.

Note that we require exactly these rd inserts within the block in this sequence among the total of n/t inserts.

First let us find the number of r − 1-steps that are chosen exactly rd times in n/t inserts. Probability that a given r − 1-step gets chosen exactly rd times is

(_{n/t} rd ) (1/n)^{rd}(1 − (t + 1)d/n)^{n/t−rd}. This is ≥ (1/(trd)^{rd}e^{−2d}). So the expected fraction of r − 1-steps that get exactly the correct number of choices is ≥ (1/(10trd)^{rd}).

Assuming an r − 1-step gets chosen exactly rd times in that order, let us now estimate the probability that all the rd inserts go into the desired bins. The last d inserts go to the right bins with probability at least^{qr−1}_{td} . This is because there are at least^{qr−1n}_{td} unaligned-super-bin choices out of the total n that have all bins of size at least r − 1 and if the second choice is made from any of these, then it will clearly be larger than the choice in the r − 1-step in consideration and so the insert can happen in the right bin in the r − 1-step. Similarly the i^{th} set of d inserts go to the right bins with probability at least^{qi−1}_{td} .

Hence q_r = (^1_{10trd} )^{rd} ·

∏_{r−1} i=0 (^{qi}_{td} )^d · q_{r−1} ≥ (^1_{10t3 d2} )^{rd} ·

∏_{r−1} i=0 q^d_i · q_{r−1}.

While we assumed that ties are broken in our favor, the proof goes through even if we assume that the ties are broken randomly. □

This can be converted into a high probability bound with probability at least 1 − 2/ log n (see Appendix 5.2), giving the slightly weaker recurrence q_r ≥ (^1_4 )^d · (^1_{10t3 d2} )^{rd} ·

∏_{r−1} i=0 q^d_i · q_{r−1} as long as the right hand side of this bound is at least^{log n}_{n/(td)} and t ≥ 4d log n. Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2: Now that we have the recurrence on q_r, we show inductively that q_r ≥ 1/(40t^3d^2)^{(d+2)r} . Let Q_r =

∏_r i=0 q_r. Multiplying both sides of the recurrence by Q_{r−1}, we get that Q_r ≥ (^1_{40t3 d2} )^{rd} · (Q_{r−1})^{d+1} · q_{r−1} ≥ (^1_{40t3 d2} )^{rd} · (Q_{r−1})^{d+2}. Inductively it is easy to check that Q_r ≥ (^1_{10t3 d2} )^{(d+3)r} . The recurrence can be used as long as q_r ≥^{log n}_{n/(td)} which holds as long as Q_r ≥^{log n}_{n/(td)} .

This holds as long as r ≤ log_{d+3} log_{40t}3_d2^n_{td log n} ≤^{log log} n td log n −log log(t

3 d) log(d+3) . Setting t = 4d log n, we get that

r = (1 − o(1))(^{log log n}_{log d} ). At this value of r, there are at least log n r-steps, completing the proof. The total proabability of exceeding the bound is at most O(r/ log n) which is o(1). □

Next we prove Theorem 4.3.

Proof Sketch of Theorem 4.3: All the bins in a super-bin with total load i have load either exactly ⌊i/d⌋ or ⌈i/d⌉. The crucial idea is that it is no more true that in order for a super-bin I with total count i, the probability of adding an extra ball is lower than p^2_i where p_i is the fraction of super-bins with load i. This is because if i is just smaller than a multiple of d/2, then any bin with load j where j is the multiple of d/2 just less than i could be chosen as one of the two choices along with I and the next ball assignment could still go to I. This means that p_{i+1} ≈ p_ip_{⌊i/d⌋d}. Analyzing this recursion gives the result. A formal proof can be obtained by using log n rounds of n/ log n ball inserts as in the proof of Lemma 2.3. □

References

[1] Y. Azar, A. Z. Broder, A. R. Karlin, and E. Upfal. Balanced allocations. SIAM Journal on Computing, 29:180-200, 1999. A preliminary version of this paper appeared in Proceedings of the Twenty-Sixth Annual ACM Symposium on the Theory of Computing, 1994.

[2] M. Adler, S. Chakrabarti, M. Mitzenmacher, and L. Rasmussen. Parallel randomized load balancing.

In Proceedings of the Twenty-Seventh Annual ACM Symposium on the Theory of Computing, pages 238-247, May 1995.

[3] P. Berenbrink, A. Czumaj, A. Steger, and B. Vöcking. Balanced allocations: The heavily loaded case.

In Proceedings of the 32nd Annual ACM Symposium on Theory of Computing (STOC), pp. 745-754, 2000.

[4] A. Broder and M. Mitzenmacher Using Multiple Hash Functions to Improve IP Lookups Proceedings of IEEE INFOCOM 2001, pp. 1454-1463, 2001.

[5] R. Cole, A. Frieze, B.M. Maggs, M. Mitzenmacher, A. W. Richa, R. K. Sitaraman, and E. Upfal.

On balls and bins with deletions. In Second International Workshop on Randomization and Approximation Techniques in Computer Science (RANDOM), number 1518 in Lecture Notes in Computer Science, pages 145-158. Springer-Verlag, October 1998.

[6] R. Cole, B. M. Maggs, F. Meyer auf der Heide, M. Mitzenmacher, A. W. Richa, K. Schröder, R. K.

Sitaraman, and B. Vöcking. Randomized protocols for low-congestion circuit routing in multistage interconnection networks. In Proc. of the 30th ACM Symp. on Theory of Computing (STOC), pages 378-388, 1998.

[7] A. Czumaj, F. Meyer auf der Heide, and V. Stemann. Shared memory simulations with triplelogarithmic delay. Lecture Notes in Computer Science, 979:46-59, 1995.

[8] A. Czumaj and V. Stemann. Randomized allocation processes. Random Struct. Algorithms 18(4):

297-331 (2001). A preliminary version appeared in the proceedings of the Thirty-Eighth Annual Symposium on Foundations of Computer Science, pages 194-203, October 1997.

[9] A. Czumaj, C. Riley, and C. Scheideler. Perfectly Balanced Allocation In Proceedings of the 7th International Workshop on Randomization and Approximation Techniques in Computer Science (RAN- DOM’03), pages 240 - 251.

[10] Martin Dietzfelbinger, Anna Karlin, Kurt Mehlhorn, Friedhelm Meyer auf der Heide, Hans Rohnert, and Robert E. Tarjan. Dynamic perfect hashing: Upper and lower bounds. SIAM J. Comput., 23(4):738-761, 1994.

[11] L. Devroye and P. Morin. Cuckoo hashing: further analysis. Information Processing Letters, vol. 86, pp. 215-219, 2003

[12] Martin Dietzfelbinger and Friedhelm Meyer auf der Heide. A new universal class of hash functions and dynamic hashing in real time. In Proceedings of the 17th International Colloquium on Automata, Languages and Program- ming (ICALP ’90), volume 443 of Lecture Notes in Computer Science, pages 6-19. Springer-Verlag, Berlin, 1990.

[13] M. Dietzfelbinger and F. Meyer auf der Heide. Simple Efficient Shared Memory Simulations. Proc.

of the 5th SPAA (1993); pp. 110-119.

[14] Martin Dietzfelbinger and Philipp Woelfel. Almost random graphs with simple hash functions. In the proceedings of STOC 2003, pp. 629-638

[15] Martin Dietzfelbinger and Christoph Weidling. Cache-friendly dictionary implementations with constant lookup time and small space overhead. Submitted to STACS 2005. Also part of Christoph Weidling’s PhD thesis, to be published, Technical University of Ilmenau.

[16] Ehud Friedgut and Gil Kalai, Every monotone graph property has a sharp threshold, Proceedings of the American Mathematical Society 124 (1996), 2993-3002.

[17] Michael L. Fredman, Janos Komlos, and Endre Szemeredi. Storing a sparse table with O(1) worst case access time. J. Assoc. Comput. Mach., 31(3):538-544, 1984.

[18] Dimitris Fotakis, Rasmus Pagh, Peter Sanders and Paul Spirakis. Space Efficient Hash Tables With Worst Case Constant Access Time. 20th Annual Symposium on Theoretical Aspects of Computer Science, 2003.

[19] G.H. Gonnet. Expected length of the longest probe sequence in hash code searching. J. ACM, 28(2):289-304, 1981.

[20] Knuth, D. E. The Art of Computer Programming, Vol. 1: Fundamental Algorithms, 3rd ed. Reading, MA: Addison-Wesley, 1997.

[21] M. Mitzenmacher, A. Richa, and R. Sitaraman The Power of Two Random Choices: A Survey of Techniques and Results. Book chapter, in Handbook of Randomized Computing: volume 1, edited by P. Pardalos, S. Rajasekaran, and J. Rolim, pp. 255-312, 2001.

[22] F. Meyer auf der Heide, C. Scheideler and V. Stemann. Exploiting Storage Redundancy to Speed Up Randomized Shared Memory Simulations. Theoretical Computer Science, 162(2):245-281, 1996. Preliminary version in Proc. of the 12th STACS (1995); pp. 267-278.

[23] Anna Östlin and R. Pagh. Uniform Hashing in Constant Time and Linear Space In the proceedings of STOC 2003, pp. 622-628.

[24] R. Pagh and F. Rodler. Cuckoo Hashing. Journal of Algorithms 51 (2004), p. 122-144. A preliminary version appeared in proceedings of the 9th Annual European Symposium on Algorithms. pp. 121-133, 2001.

[25] R. Panigrahy. Efficient hashing with Lookups in two Memory Accesses. In the proceedings of SODA 2005.

[26] B. Pittel, S. Spencer and N. Wormald. Sudden emergence of a giant k-core in a random graph. J.

Combin. Theory Ser. B 67 (1996), no. 1, 111-151.

[27] M. Raab and A. Steger. ”Balls into bins” – a simple and fight analysis. In the proceedings of the 2nd International Workshop on Randomization and Approximation Techniques in Computer Science, LNCS volume 1518, pages 159-170, 1998.

[28] Peter Sanders, Sebastian Egner, Jan H. M. Korst. Fast concurrent access to parallel disks. Algorithmica, 35(1):21-55,2003. A Preliminary version appeared in SODA 2000: 849-858.

[29] B. Vöcking. How asymmetry helps load balancing. In Proceedings of the 40th Annual Symposium on Foundations of Computer Science. pp. 131-140, 1999.

5 Appendix

5.1 High probability version of Lemma 4.1

Here we convert the expected value of q_r to a high probability bound for q_r.

The essential step is bounding the fraction of r − 1-steps that receive exactly rd inserts in the right order. While we proved earlier that the expected fraction is ≥ (1/(10trd)^{rd}), we now show that the deviation from this mean is small and hence Chebyshev inequality can be applied to obtain high probability bound. Let X_i denote the indicator variable for the event that the i^{th} (r − 1)-step gets the desired sequence of inserts.

Lemma 5.1 P (X_iX_j) ≤ (1 + ϵ)P (X_i)P (X_j ) where ϵ = 4d/t.

Proof: P (X_i) = P (X_j ) =

(_{n/t} rd ) (1/n)^{rd}(1 − (t + 1)d/n)^{n/t−rd} P (X_iX_j ) ≤

(_{n/t} rd )(_{n/t−rd} rd ) (1/n)^{2rd}(1 − 2td/n)^{n/t−2rd}

Comparing the terms, we get that^{P (XiXj )}_{P (Xi)P (Xj )} ≤ (^{n/t−rdrd} ) (^{n/t}_{rd} )

(1−2td/n)^{n/t−2rd} (1−(t+1)d/n)^{2(n/t−rd)}

After simplification, this is less than (1 + 4d/t). □

Lemma 5.2 For any random variable R = ∑ X_i, if P (X_iX_j ) ≤ (1 + ϵ)P (X_i)P (X_j ), then the variance of R, var(R) ≤ μ + ϵμ^2, where μ denotes E[R].

Proof: For any random variable R = ∑ X_i, variance of R equals E[( ∑ X_i)^2] − E[ ∑ X_i]^2 ≤ ∑ E[X^2_i ] + 2ϵ ∑ E[X_i]E[X_j ] ≤ ∑ E[X_i] + ϵ( ∑ E[X_i])^2 = μ + ϵμ^2 □

Let μ denote the expected number of (r−1)-steps that receive the desired rd inserts. So the probability that less than μ/2 get the desired rd inserts is at most var(R)/(μ^2/4) ≤ 1/μ + ϵ.

Assuming q_r^n_{td} ≥ log n and t ≥ 4d log n, this probability is at most 2/ log n. So with probability at least (1 − 2/ log n), half μ will get the desired number of inserts. After that, by Chernoff bounds, assuming μ/2 ≥ log n, we get that at least half of (

∏_{r−1} i=0 q_{r−1}

td )^d fraction will become r-steps, except for an exponentially low probability. Chernoff bound is applicable as long as the expected fraction of r-steps, q_r^n_{td} is at least log n. So both the high probability bounds apply as long as q_r^n_{td} ≥ log n, giving the slightly weaker recurrence q_r ≥^1_4 · (^1_{10t3 d2} )^{td} · q^{td+1}_{r−1} .

5.2 Construction of the witness graph for balls and bins with moves

Whenever the load of a node X becomes i, there must be a unique edge whose insertion causes this to happen. Say U_1U_2 was this edge; that is, U_1 and U_2 are the bins to which the item got hashed. Look at the directed graph when this edge was being added. During the insertion, a backward search to a depth of h was performed from both U_1 and U_2. Say the node X was obtained by traversing back from U_1 to depth of at most h. We will say that the edge U_1U_2 is the ith contributing-edge of X, U_2 is the ith contributing-peer of X, and the directed path from X to U_1 along which moves were made, is the ith contributing-path for X. Since X is a node with minimum load among the ones visited, it must be the case that all the nodes at depth at most h from U_2 must have load at least i − 1. Note that the contributing edge U_1U_2 must be newer than and therefore distinct from all the edges traversed in backward search from U_2. Also for each node and each value of i the ith-contributing edge has to be unique.

The witness graph is obtained by recursively chasing contributing edges for nodes visited in the backward search from the contributing peer U_2. First we make a simplifying assumption that during the construction of the witness graph, we never run into cycles, always leaving the graph as a tree. We will argue that the number of edges that produce cycles is few enough that they can be ignored. Our goal is to obtain a large witness tree with high degree nodes and argue that such a subgraph is unlikely to exist in G. The problem is that even with our assumption of not encountering cycles, it is still possible to visit earlier nodes through contributing paths, as contributing paths could completely consist of edges in the visited subtree, not leading to any new nodes. We overcome this issue by computing the witness tree by the following recursive procedure.

For a given i-contributing edge U_1U_2:

• Say, U_2 is the ith contributing-peer corresponding to this edge; that is, the load for this insert was taken by some node under U_1.

• Look at the subtree, T , (must be a tree by assumption of not encountering cycles) obtained by performing a backward search to depth h from node U_2 when the insertion took place. Look at the set of leaves, L, of this subtree. At that time each node in T has load at least i − 1. Since each internal node in L has at least i − 1 children the number of edges in L is at most 2|L|.

• Look at the set S of all edges that are j-contributing edges for some node in L, for either j = i−1 or i−2 or i−3. Essentially an edge e ∈ S if and only if there is a node V ∈ L and a j ∈ {i−1, i−2, i−3} such that e is the j-contributing edge for V . Since the subtree T has at most 2|L| edges and the set S has 3|L| edges, there must be a set Q of at least |L| edges in S that are outside the subtree T . As all the contributing paths leading to these edges are older than the edge U_1U_2 that connects the subtree to the rest of the witness tree, and since by assumption no cycles are encountered, these edges in Q must be outside the entire witness tree constructed so far. To avoid cycles, the corresponding contributing paths must branch off T before reaching the contributing edge in Q.

• Repeat recursively for each j-contributing-edge in Q, where j ≥ i − 3

Starting from a node with load 4l + h^′, we chop the recursion depth down to l. Also, during the backward bfs, for each node, we pick only l children even if more may be present. Essentially, the witness tree looks like a tree of sub-trees linked by contributing paths. Each subtree has l^h “children” subtrees and no node or edge is repeated. The height of this tree in terms of the number of subtrees is l; so the total number of nodes is l^{lh}